As we described in the main text, the 'true' and 'effective' real parts of the bosonic self-energy, Σ el-boson (ω) and Σ el-boson (ω) are related by
This equation can be viewed as the 'effective' bosonic imaginary part of the self-energy Σ tot (ω) that can be conventionally obtained with reference to v el-el . Equations (2) and ( 
Consequently, the imaginary part of the 'effective' bosonic self-energy is reduced by factor (1 + λ el-el ) compared with the 'true', which is consistent with our discussions on the real part of the self-energy as presented in the main text. It should be noted that the real and imaginary parts of the 'true' bosonic self-energy are related via the KramersKronig transformation as
Therefore, it can be easily confirmed that the 'effective' bosonic self-energy should also satisfy the Kramers-Kronig relation by substituting the 'true' bosonic self-energies with the 'effective' expressions in these equations using equations (1) and (4).
SI.2 Evaluation of the electron-electron coupling
The proper evaluation of the electron-electron coupling is essential to probe the 'true' electron-boson coupling, as explicitly expressed by λ el-boson = (1 + λ el-el ) λ el-boson (equation (4) in the main text). Here, we briefly explain the band renormalizations over the large energy-scale (∼eV), originated in the electron-electron coupling as well as the spin-orbit coupling, for the γ (d xy ) band in Sr 2 RuO 4 along the ΓM line [see Fig. SI. 1(a) ]. Note that the index of the self-energy or coupling strength for the electron-electron coupling is denoted for simplicity as 'el-el' in the main text, although the electron-electron coupling includes the contributions from the electron-electron coupling as well as the spin-orbit coupling. On the contrary, we explicitly express this in this Supplemental Information: 'el tot', 'el-el', and 'SOC' stand for the total electron-electron coupling, the electron-electron coupling, and the spin-orbit coupling, respectively.
In many cases, the renormalization of the bandwidth, 'band-narrowing' (BN), has been only considered to judge the strength of electron correlations. However, we have recently observed that the γ band exhibits the reduced group velocity near the Fermi level (E F ) leading to the effective mass enhancement, but the band-bottom energy is also lowered leading to a larger bandwidth compared with the LDA calculations [ Fig. SI. 1(b) ]. Accordingly, near the intersection of the ARPES and LDA dispersions, the γ band exhibits the vertical-like (waterfall-like) dispersion which is an unambiguous signature of the 'high-energy anomaly' (HEA) as widely reported for cuprates [3] [4] [5] [6] [7] [8] [9] [10] [11] . In our previous paper, we demonstrated that both HEA-and BN-type renormalizations can be consistently explained by a simple model self-energy 2 . As shown in Fig. SI . 1(c), the experimentally deduced real and imaginary part of the self-energy were found to fit well those from the model calculations assuming the electron-electron coupling. The present model self-energy contains two free parameters (g and ω c ), and can be written as
which satisfies causality and the three-dimensional Fermi liquid theory. Thus, this model has a characteristic point at ω = ±ω c , giving the zero point of Σ el-el (ω) as well as the local minimum of Σ el-el (ω). In the present analysis, ω c was fixed so as to satisfy Σ ARPES (ω c ) = 0, and then g is the remaining free parameter. By fitting Σ ARPES (ω) or Σ ARPES (ω) using this model, the coupling strength can be evaluated as
The spin-orbit coupling also yields non-trivial modifications on the electronic structure in Sr 2 RuO 4 , as reported in recent theoretical calculations 12-14 and our ARPES results 15 . To quantify the renormalization effects due to the electron-electron coupling as well as the spin-orbit coupling, we have performed phenomenological calculations 14 . The results are schematically drawn in Figs. SI. 1 (d) and (e), where LDA+Σ el-el and LDA+Σ el-el +SOC denote the renormalized dispersions due to the electron-electron coupling without and with the spin-orbit coupling based on the LDA dispersions, respectively. As seen in 4 obtained from (1) LDA, (2)  LDA+Σ el-el , and (3) LDA+Σ el-el +SOC calculations, (4) raw and (5) calibrated ARPES data, and (6 ). c The value is recalculated using present mLDA.
The aforementioned two-step renormalizations yield considerable electronic modifications near E F 14,15 : (1) the lowering of the energy of the van Hove singularity (E vHS ) as shown in the insets of Figs. SI. 1 (d) and (e), and (2) the charge transfer from the β to the γ band, leading to the expansion (shrink) of the Fermi momentum (k F ) for the γ (β) band as shown in the inset of Fig. SI. 1 (e) . Noted that we have adjusted the magnitude of the spin-orbit coupling so as to retain consistency for k F between ARPES and model calculations. Accordingly, the effective mass m * (Fermi velocity, v F ) of the γ band becomes heavier (smaller) at each step from the LDA band mass (m * LDA ), as listed in Table SI. 1. In the present study, we have treated LDA+Σ el-el +SOC calculations as the model dispersion renormalized due to electron-electron coupling effects, which are assumed to be distinct from the electron-boson coupling. From the effective mass enhancement for LDA+Σ el-el +SOC calculations, the total electron-electron coupling strength was thus estimated to be λ el tot = 1.9, which is enhanced from the electron-electron coupling strength (λ el el = 1.6) in the absence of the spin-orbit coupling (LDA+Σ el-el calculations).
SI.3 Eliminating broadening effects from ARPES spectra
The ARPES spectra is proportional to the spectral function A(k, ω) which is defined by the imaginary part of the single-particle Green's function as
where ε 0 (k) is the non-interacting band and Σ(k, ω) is the complex self-energy. However, the ARPES spectra are not identical to the spectral function A(k, ω) owing to broadening effects due to finite instrument resolutions as well as temperature. The ARPES spectra I ARPES (k, ω) can thus be written as
where the I ARPES (k, ω) is broadened due to thermal effects expressed by the Fermi-Dirac function f (ω), and further broadened by the instrument energy and momentum resolutions R(k, ω). These broadening effects inevitably distort the energy-band dispersion near E F 18 , leading to the lower k F and effective mass. It is, therefore, essential to take into account such effects for an estimation of the intrinsic effective mass enhancement.
As illustrated in Figs. SI. 2(a)-(c), to eliminate the broadening effects, we first deconvolved R(k, ω) from the raw ARPES data by performing a two-dimensional Richardson-Lucy (RL) algorithm 18, 19 , and subsequently, the resulting deconvolved ARPES data were divided by f (ω). Their energy-band dispersions, determined by fitting the MDCs, are displayed in Fig SI. 2(c) ], respectively. The Raw dispersion clearly differs from the DC and DC/FD dispersions, whereas the DC and DC/FD dispersions are almost the same. Here, energy broadening should be more important in the determination of the MDC-peak positions than momentum broadening. We found that the Raw dispersion was distorted compared with the DC (DC/FD) dispersion within 5 meV below E F , which for the present study just corresponds to half the energy resolution. In contrast, thermal broadening can be calculated as 1.7 meV (represented by the half width half maximum of a Gaussian) at 10 K, but its effects are not noticeable. As listed in Table SI . 1, the quasiparticle parameters obtained from the calibrated ARPES data (DC or DC/FD) found to be very close to those from dHvA results 17 . This means that the strong effective mass enhancement for the γ band in Sr 2 RuO 4 can be most probably explained by the bosonic and electronic couplings. Consequently, the bosonic coupling was found to be considerably strong as λ el-boson = 1.2, which can be expected to be even more strong as λ el-boson = 1.9. 
